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Abstract

Solving a system over a finite field is one of the
most major problems in the field of computer science.
Especially, the problem of solving a quadratic system
(the MQ problem) is used to construct various crypto-
graphic systems such as Rainbow and GeMSS. Given a
quadratic polynomial system F in n variables x over a
finite field Fq of q elements, the purpose of this research
is to find a solution to F(x) = 0 ∈ Fm

q .
One of major strategies to solve the MQ problem

is linearization, and the most basic linearization-based
algorithm is the XL algorithm proposed by Courtois et
al. [2]. XL finds a solution by generating a Macaulay
matrix at certain degree and performing Gaussian elim-
ination on the matrix. Furthermore, Yang et al. [5] an-
alyzed a variant of the XL algorithm called Wiedemann
XL (WXL), which adopts Wiedemann’s algorithm [3]
instead of the Gaussian elimination in the XL frame-
work.
The hybrid approach [1, 4] is an approach applying

XL efficiently, which mixes exhaustive search and an
MQ solver. In the hybrid approach, k variables are
fixed, and the remaining system in n− k variables are
solved by an MQ solver. These processes are iterated
until a solution is found. In the case of n ≈ m, the
hybrid approach may be effective, since the gain ob-
tained by working on systems with less variables may
overcome the loss due to the exhaustive search on the
fixed variables. In this paper, we call the hybrid ap-
proach with XL (resp. WXL) h-XL (resp. h-WXL).
In this study, we propose a new variant of the XL al-

gorithm, which we call the polynomial XL (PXL). PXL
is constructed by improving h-XL. For the MQ system
F of m equations in n variables x = (x1, . . . , xn) over
Fq, PXL first sets the number k of guessed variables as
in the hybrid approach. We then regard the given sys-
tem as a system in n− k variables xk+1, . . . , xn, whose
coefficients belong to the polynomial ring Fq[x1, . . . , xk],

∗ Department of Mathematical Informatics, Graduate School of
Information Science and Technology, The University of Tokyo,
7-3-1, Hongo, Bunkyo-ku, Tokyo, 113-8656, Japan, (furue-
hiroki261@g.ecc.u-tokyo.ac.jp, kudo@mist.i.u-tokyo.ac.jp)

and generate the Macaulay matrix over Fq[x1, . . . , xk].
The main idea of PXL is to partly perform Gaussian
elimination on the matrix over the polynomial ring be-
fore fixing the k variables and complete the elimination
after fixing. By doing so, we can reduce the amount of
manipulations for each guessed value compared with h-
XL. This enables us to solve the system more efficiently
for some parameters.
We also discuss the estimation of the time and space

complexities and compare them with those of h-XL and
h-WXL. Comparing the time complexities, we show
that the proposed algorithm is more efficient in the
case of n ≈ m. For example, on the system over F28

with n = m = 80, the number of manipulations in Fq

required by h-XL, h-WXL, and PXL is estimated as
2252, 2234, and 2220, respectively. On the other hand,
in terms of the space complexity, the proposed algo-
rithm is not well compared to WXL. Therefore, the
relationship between PXL and WXL can be seen as a
trade-off between time and memory.
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